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Abstract—This work presents a new method to design consen-
sus controllers for perturbed double integrator systems whose
interconnection is described by a directed graph containing a
rooted spanning tree. We propose new robust controllers to solve
the consensus and synchronization problems when the systems
are under the effects of matched and unmatched disturbances.
In both problems, we present simple continuous controllers,
whose integral actions allow us to handle the disturbances. A
rigorous stability analysis based on Lyapunov’s direct method
for unperturbed networked systems is presented. To assess the
performance of our result, a representative simulation study is
presented.

Index Terms—Multi-agent systems, consensus control, directed
networks, matched and unmatched disturbances.

I. INTRODUCTION

Due to the recent technological advances and affordability

of consumer-level autonomous systems, the control commu-

nity has paid considerable attention to various control prob-

lems in multi-agent systems. Some classical examples include

the design of formation [1], flocking [2], consensus control

strategies [33]. The consensus control problem has been of

particular interest to researchers, since the computed final

agreement of a network of agents represents a crucial task

in many real-world applications, e.g., in robot fleets, electrical

power networks, biological systems [3], [4], [32], etc.

Graph theory is the main tool used in the analysis of

consensus control problems, where the network’s Laplacian

matrix describes the interconnection and communication prop-

erties among the agents. An undirected graph (which models

bidirectional communication) has associated a symmetric and

positive semi-definite Laplacian matrix; This valuable prop-

erty enables to use various well-known results to calculate

the final agreement for general (non)linear systems, Euler-

Lagrange dynamics, nonholonomic robots, among others [5],

[6], [7]. In these works, the presence of uncertainties, unknown

parameters, input delays and disturbances have been typically

tackled with adaptive or robust control techniques, see e.g.,

[8], [9], [10], [11]. With undirected networks, it is relatively
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easy to conduct Lyapunov-based stability analysis, even in the

presence of nonlinear time-varying uncertainties [12], [13].

When considering directed graphs, the consensus problem

is significantly more complicated since the Laplacian matrix

is no longer symmetric. This slight difference, yet with great

implications, means that we can no longer use the same

controller design techniques applied to the above-mentioned

undirected networks. It is worth noting that in real applica-

tions, a directed graph is the most natural and realistic way

to model information exchange among a group of agents,

since their communication is not necessarily bidirectional. This

common situation arises due to the limited sensing capability

of transducers, as well as their weak communication ranges

and intermittent connectivity. Multi-agent networks where

local unidirectional information exchange is allowed are more

convenient in terms of cost, scalability and flexibility, however,

their analysis and controller design presents many challenges.

When a directed graph is strongly connected and struc-

turally unbalanced, the left eigenvector of the Laplacian matrix

consists of positive elements; A Lyapunov function for the

consensus problem can then be constructed using this eigen-

vector, see e.g., [14], [15], [16], [17], [18]. Robust consensus

controllers have been proposed for directed networks consider-

ing various problems such as unmeasurable velocity, matched

disturbances, delays, and other uncertainties [19], [20], [21].

However, the strong connectedness requirement used in these

works is very restrictive, as it implies that every agent is

reachable from every other agent in the network, which hard to

satisfy in practice. To relax this condition, in [22] was proved

that consensus can be established if the graph describing

the interconnection has a rooted spanning tree, which is a

considerably less restrictive situation. Examples that use this

approach include consensus for linear systems [23], second-

order heterogeneous systems [25], uncertain multi-agent linear

systems [27], among others.

A key problem in multi-agent consensus is to design effec-

tive control strategies that can deal with unknown matched

and unmatched disturbances to the input. For the fist case

(i.e., when disturbances appears in the control input chan-

nel), several works have been published considering linear

multi-agent systems [26], finite-time consensus for second-

order systems [36], unknown velocities [35], consensus with

disturbances generated by a known linear integrator [41], and

for disturbances generated by exosystems [38]. Although in

some works the local disturbance rejection has been proved

as well as the consensus goal, all them are based on complex
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designs, namely, they rely on discontinuous or high-gain adap-

tive observers combined with discontinuous (terminal) sliding

mode controllers. It is well known that this type controllers

exhibit robustness against matched uncertainties, however, the

main disadvantage is that they lead to control signals that may

produced undesired chattering effects on the actuators [39].

As unmatched disturbances do not appear in the con-

trol input channel, their active compensation presents many

challenges. This type of disturbances are common in many

systems, e.g., in mechanical systems when the velocity mea-

surements are corrupted [34], in missile guidance systems

due to torques arising from external wind or due to variation

of aerodynamic coefficients [40]; These disturbances are also

common in power electronics like the DC-DC and DC-AC

buck and Ĉuk converters [41], [42]. When unmatched distur-

bances are present in a network with a directed graph, only

partial consensus or synchronization can be established [41],

[28]. For double-integrator systems, the portion of the state

variables that reach consensus correspond to the unactuated

variables, typically referred as the output state.

Various works have addressed this unmatched disturbance

case, e.g., a controller to ensure output consensus under a

strongly connected graph was presented in [28]. In [43],

robust output consensus tracking was guaranteed in finite time

and considering a directed graph with spanning tree. A time

varying adaptive output formation control scheme for collision

avoidance via artificial potential for second-order systems with

both matched and unmatched disturbances was proposed in

[44]. A neural network based adaptive containment controller

was presented in [45]; The work proved that the proposed

containment algorithm ensures that the closed loop systems are

finite-time stable and containment errors converge to a small

residual set around the origin. However, all these previous

works are based on dynamic gains and discontinuous adaptive

observers/controllers, which may yield undesired effects in the

control signal. Recently, in [29] was presented a strict Lya-

punov function for dynamic consensus of systems of networks

with a directed spanning tree [30], [31]; This work (which

is based on [46]) provides a constructive proof for global

exponential stability, which is ensured under simple conditions

of the control and Lyapunov gains. Some new results have also

explored this dynamic consensus idea, e.g., for linear systems

[47], and for model reference adaptive control [48], [49].

In this paper, we address the robust controller design for

multi-agent systems perturbed by constant matched and un-

matched disturbances, and whose interconnection is described

by a directed graph. In contrast with existing solutions, our

proposed method uses a simple and smooth integral action

to deal with disturbances. Since complex solutions have been

presented to ensure the consensus of the called output state

when unmatched disturbances are presented, we relax the

solution to the synchronization of periodic (i.e., closed) orbits

[50], [51], which is a more frequently encountered problem in

many applications, e.g., in power systems [42], [52], [53].

The original contributions of this work are listed as follows:

• We propose a new control scheme to ensure dynamic con-

sensus for perturbed multi-agent systems with directed

communication.

• We propose a new integral action to reject constant

matched disturbances, and for the case of unmatched

disturbances, to ensure synchronization of periodic orbits.

• We propose a new strict Lyapunov function to rigorously

analyze the stability of our smooth integral controller.

• We report a detailed numerical study to validate the

performance of our proposed method.

The rest of the paper is organized as follows: Section II

presents preliminaries and assumptions to be used; Section

III contains our main result; and, finally, the simulations and

conclusions are shown in Sections IV and V, respectively.

a) Notation.: R>0, R≥0, Z>0 and Z≥0 denote the pos-

itive and non-negative real and integer numbers, respectively.

‖x‖ stands for the standard Euclidean norm of vector x ∈ R
n.

In represents the identity matrix of size n× n. 1k stands for

a column vector of size k with all entries equal to one. The

set N̄ is defined as N̄ := {1, . . . , N}, where N is a positive

natural number.

II. PROBLEM FORMULATION

The interconnection graph between the agents may be

modelled by a constant Laplacian matrix, L := [ℓij ] ∈ R
N×N ,

whose ith-jth element satisfies:

ℓij =

{ ∑

k∈Ni

aik i = j

−aij i 6= j,
(1)

where Ni ⊂ Z is the set of indices corresponding to agents

that locally transmit information to the ith agent, aij > 0
denotes the connectivity between agents in the network (no

self connections are considered, thus, aij = 0). For directed

graphs, the Lapacian matrix is typically not symmetric, i.e.,

aij 6= aji is generally satisfied. In this work, we make the

following key assumption:

Assumption 1. The directed graph that models the interac-

tions among agents in the network contains a directed spanning

tree.

Based on this assumption, the following Lemmata hold:

Lemma 1. [3] The Laplacian matrix L has a unique zero-

eigenvalue and, by construction, the rest of its spectrum is

strictly positive and satisfies L1N = 0, with 1N ∈ R
N as its

associated right eigenvector.

Lemma 2. [29] Let G be a directed graph and L its cor-

responding non-symmetric Laplacian matrix. Then, for any

positive matrix Q > 0 ∈ R
N×N and scalar α > 0, there exists

a positive symmetric matrix P > 0 ∈ R
N×N such that:

PL+ L⊤P = Q − α[P1Nv⊤ℓ + vℓ1
⊤
NP ], (2)

where the column vector vℓ denotes the left eigenvector

associated with the single zero eigenvalue of L.

a) Problem statement.: Consider a group of double-

integrator linear systems subject to matched and unmatched

constant disturbances, and whose interconnection satisfies As-

sumption 1. For this class of dynamic systems, we aim to

design an integral controller that (i) can reject all matched
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disturbances and thus ensure the consensus of all agents and

(ii) ensures synchronization of the output state of all agents

to a periodic orbit when constant unmatched disturbances are

present.

III. MAIN RESULT

Matched Disturbances

The multi-agent system to be addressed is of the form:

ẋi = yi xi, yi ∈ R, i ≤ N

ẏi = ui + di (3)

with ui ∈ R as the input control and di ∈ R the external

constant disturbance. The interconnection among the agents is

assumed to satisfy Assumption 1.

Our goal is to design a robust controller such that dynamic

consensus can be established, i.e.:

lim
t→∞

|xi(t)− xm(t)| = 0, |yi(t)− ym(t)| = 0

lim
t→∞

|δ̃i(t)− δm(t)| = 0, i 6= m. (4)

for a disturbance error δ̃i = δ̂ − di

γ3

, with δ̂(t) as an integral

action whose aim is to compensate the disturbance, and γ3 a

free positive gain. This consensus implies the so-called mean-

field dynamics [46]:

xi = v⊤ℓ x, yi = v⊤ℓ y, δi = v⊤ℓ δ̃ (5)

which can be seen as a weighted average of the system. Here,

we have used the compact form x = [x1, · · · , xN ]⊤, y =
[y1, · · · , yN ]⊤, δ̃ = [δ1, · · · , δ̃N ]⊤.

Proposition 1. Consider the system (3) in closed-loop with

the following controller:

ui = − γ1

N
∑

j=1

aij(xi − xj)− γ2yi − γ3δ̂i

˙̂
δi = γ1

N
∑

j=1

aij(xi − xj) + γ4yi, (6)

where γ1, γ2, γ3 and γ4 are positive gains to be defined, and δ̂i
is the integral action whose aim is to eliminate the disturbance

estimation error δ̃i = δ̂i−
di

γ3

. From the definition of the signals

x, y, δ̃ and noting that d
dt δ̂i =

d
dt δ̃i, we can express the closed-

loop dynamics in the following compact form:

ẋ = y

ẏ = − γ1Lx− γ2y − γ3δ̃

˙̃
δ = γ1Lx+ γ4y (7)

with the following consensus errors1

ex = (In − 1v⊤ℓ )x, ey = (In − 1v⊤ℓ )y

ed = (In − 1v⊤ℓ )δ̃. (8)

1It is also referred to as synchronization errors in [46].

which define the difference between the individual system

states and the mean-field state. This closed-loop system en-

sures the convergence to zero of (ex, ey, ed) → 0, with a

Lyapunov function defined as H = Hs +Hd, where:

Hs =
1

2

[

e⊤x e⊤y
]

[

ρP ǫP

ǫP 2µIn

] [

ex
ey

]

,

Hd =
1

2
b
[

e⊤y e⊤d
]

[

2In In
In In

] [

ey
ed

]

, (9)

for positive scalar parameters ρ, ǫ, µ, b > 0 and a positive-

definite symmetric matrix P = P⊤ > 0, defined such that the

condition
√

2ρµ
‖P‖ > ǫ is satisfied, and hence, H > 0.

Proof: By computing the time derivatives of ex and ey,

we obtain the following dynamic equations:

ėx = (In − 1Nv⊤ℓ )y = ey

ėy = − (In − 1Nv⊤ℓ )(γ1Lx+ γ2y + γ3δ̃)

= − γ1(In − 1Nv⊤ℓ )L(ex + 1Nv⊤ℓ x)− γ2ey − γ3ed

= − γ1Lex − γ2ey − γ3ed, (10)

where to get the last equality we used the facts L1N = 0 and

v⊤ℓ L = 0. The time derivative of Hs along the trajectories

(10) is:

Ḣs = ρe⊤x P ėx + 2µe⊤y ėy + ǫe⊤x P ėy + ǫė⊤x Pey

= ρe⊤x Pey + 2µe⊤y (−γ1Lex − γ2ey − γ3ed)

+ ǫe⊤x P (−γ1Lex − γ2ey − γ3ed) + ǫe⊤y Pey

= e⊤x
(

ρP − 2γ1µL
⊤ − ǫγ2P

)

ey − e⊤y (2µγ2In − ǫP ) ey

− 1
2γ1ǫe

⊤
x (PL+ L⊤P )ex − ǫγ3e

⊤
x Ped − 2µγ3e

⊤
y ed

= e⊤x
(

ρP − 2γ1µL
⊤ − ǫγ2P

)

ey − e⊤y (2µγ2In − ǫP ) ey

− ǫ
2γ1e

⊤
x ex − ǫγ3e

⊤
x Ped − 2µγ3e

⊤
y ed, (11)

where to get the last equality we have invoked Lemma 2 with

Q = In. The time derivative of Hd satisfies the following:

Ḣd = b
(

e⊤y (2ėy + ėd) + e⊤d (ėy + ėd)
)

= b
(

e⊤y

{

−2
[

γ1Lex + γ2ey + γ3ed

]

+ ėd

}

+ e⊤d

{

−
[

γ1Lex + γ2ey + γ3ed

]

+ ėd

})

,

where the term ėd is computed by making use of the definition

of the integral action (6) as follows:

ėd = (In − 1v⊤ℓ )
˙̃
δ := (In − 1v⊤ℓ )(γ1Lx+ γ4y)

= γ1(In − 1v⊤ℓ )L(ex + 1vℓx) + γ4ey

= γ1Lex + γ4ey. (12)

Replacing ėd into Ḣd yields:

Ḣd = b
(

e⊤y (2ėy + ėd) + e⊤d (ėy + ėd)
)

= b
(

e⊤y {−γ1Lex − (2γ2 − γ4)ey − 2γ3ed}

+ e⊤d {−γ2ey − γ3ed + γ4ey}
)

= b
(

− γ1e
⊤
y Lex − e⊤y (2γ2 − γ4)ey

− γ3e
⊤
d ed + (γ4 − 2γ3 − γ2)e

⊤
d ey

)

. (13)
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By using (11) and (13), we can express Ḣ in the compact

form Ḣ = − 1
2e

⊤N e, with an extended error vector e =
[ex, ey, ed]

⊤ ∈ R
3n and a symmetric matrix defined as:

N =





γ1ǫIn N12 γ3ǫP

⋆ N22 N23

⋆ ⋆ 2γ3bIn



 . (14)

with

N12 = γ1(2µ+ b)L⊤ − (ρ− ǫγ2)P

N22 = 2(2bγ2In − bγ4In + 2µγ2In − ǫP )

N23 = In(2µγ3 + 2bγ3 + bγ2 − bγ4). (15)

For ease of presentation, let us introduce the following

scalar parameters:

γ4 = 2γ3

(

1 +
µ

b

)

+ γ2, ǫ =
ρ

γ2
, (16)

which we can use to equivalently express the matrix N as:

N =





ρ γ1

γ2
In γ1(2µ+ b)L⊤ γ3ǫP

⋆ 2γ2(2µ+ b)− 2 ρ

γ2
P − 4γ3(µ+ b) 0

⋆ 0 2γ3bIn



 .

The stability proof of the system relies on the positive

definitiveness of N . Since we have two free Lyapunov pa-

rameters ρ and b and several free control gains, we apply the

Schur complement to prove that N > 0. A simple solution

can be obtained by setting ρ = γ2, then applying the Schur

complement to the 2× 2 sub-block of N as:
[

γ1In γ1(2µ+ b)L⊤

γ1(2µ+ b)L 2γ2(2µ+ b)− 2P − 4γ3(µ+ b)

]

which yields the relation:

2γ2(2µ+ b)− 2P − 4γ3(µ+ b)− γ1(2µ+ b)2LL⊤ > 0.
(17)

By defining γ2 as:

γ2 >
1

(2µ+ b)
(λp + 2γ3(µ+ b)) +

1

2
γ1(2µ+ b)λ2

L

with |P | ≤ λp and |L| ≤ λL, we can ensure that e⊤xyN22exy ≥
|N22||exy|2, with exy = col(ex, ey). Finally, the positive

definiteness of N is established with

b ≥
γ3

γ1
λ2
p.

This ensures that limt→∞ e(t) = 0, as consequence from (8)

and the mean field dynamics (5) we have that (4) holds. This

completes the proof.

Now, the exact estimation of the input disturbances and

the final states of the agents is presented in the following

Corollary. Hence, we study the dynamic behavior of each

agent, which is governed by the weighted average dynamics.

Corollary 1. Consider the mean-field coordinates (5), and

assume that the positive gains γj with j = 2 : 4 are such

that:

S =

[

−γ2 −γ3
γ4 0

]

is a Hurwitz matrix. Then, each agent of the closed-loop

system (7) satisfies:

lim
t→∞

xi(t) = xm(0) + c1 (18)

with c1 as a positive constant, and the state variables

yi(t) → 0, δ̃ → 0 (19)

exponentially converging to zero. As consequence:

lim
t→∞

δ̂i(t) =
di

γ3
(20)

guarantees the exact estimation of the disturbances.

Proof: The time derivative of (5) along of the closed loop

(7) yields the following averaged model, which corresponds

to dynamic consensus:

ẋm = v⊤ℓ y := ym

ẏm =− v⊤ℓ

(

γ1Lx− γ2y − γ3δ̃
)

:= −γ2ym − γ3δm

δ̇m = v⊤ℓ (γ1Lx+ γ4y) := γ4ym. (21)

Where we note that the last two dynamic equations can be

re-written as ẏδm = Syδm with yδm = col(ym, δm) ∈ R
2 and

S as (18). This way, its unique solution can be computed as

follows:

yδm(t) = expSt yδm(0). (22)

Since we assume that S is a Hurwitz, we invoke the Cayley-

Hamilton theorem to establish (19).

On the other hand, the solution of the first equation of (21)

is

xm(t) = xm(0) +

∫ t

0

ym(s)ds

= xm(0) +

∫ t

0

exp
− 1

c1
s
ds := xm(0) + c1

(23)

where to get the second equality we have used the fact that

yδm(t) converge exponentially with some constant 1
c1

> 0.

Finally, from Proposition 1 is ensured that xi converges to

xm which is a constant and from (22) we have that yi and δ̃

converge exponentially to zero, then from the closed loop of

each agent given by

ẋi = −γ1

N
∑

j=1

aij(xi − xj)− γ2yi − γ3δ̂i + di

we conclude that limt→∞ δ̂i =
di

γ3

and exact estimation of the

disturbance is guaranteed. This completes the proof.

Next, we present the second main result of the note, i.e.,

the case where the multi-agent system is subject to unmatched

disturbances. In this situation, the unmatched disturbances

generate a bias on the un-actuated channel (i.e., at the ẋi level),

which complicates the consensus problem. In contrast with

several solutions [43], [44], [45] that rely on discontinuous

adaptive estimators and controllers, we propose a simple

integral action which enables to achieve synchronization of

all agents.
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Unmatched Disturbances

The multi-agent system to be addressed is of the form:

ẋi = yi + di xi, yi, i ≤ N

ẏi = ui (24)

which clearly shows that the constant disturbance di is un-

matched, i.e., it cannot be directly cancelled by the input

control ui; The interconnection of the system is assumed to

satisfy Assumption 1. Similarly to the previous case, our goal

is to design a robust controller such that the consensus can be

established, i.e.:

lim
t→∞

|xi(t)− x̄m(t)| = 0, |ỹi(t)− ȳm(t)| = 0

lim
t→∞

|δ̃i(t)− δ̄m(t)| = 0 (25)

with the so called mean-field dynamics [46]

x̄m = v⊤ℓ x, ȳm = v⊤ℓ ỹ, δ̄m = v⊤ℓ δ̃ (26)

which can be seen as a weighted average or equivalently

lim
t→∞

|xi(t)− xj(t)| = 0, |ỹi(t)− ỹj(t)| = 0

lim
t→∞

|δ̃i(t)− δ̃j(t)| = 0, i 6= j, (27)

with x = [x1, · · · , xN ]⊤ ∈ R
n, ỹ = [ỹ1, · · · , ỹN ]⊤ ∈ R

n

and δ̃ = [δ̃1, · · · , δ̃N ]⊤ ∈ R
n, where ỹi = yi − ksδ̂i and

δ̃i = ksδ̂ + di, for δ̂(t) as a new state variable to be defined

later with ks a free positive gain.

Proposition 2. Consider the system (24) in closed loop with

the controller

ui = − kx

N
∑

j=1

aij(xi − xj)− kdỹi − ks(α1xi + νỹi)

˙̂
δi = − α1xi − νỹi (28)

for positive control gains kx, ks, kd, α1, ν. From the extended

vectors x, ỹ, δ̃ and defining ȳ = [y1 + d1, · · · , yN + dN ]⊤,

the closed-loop multi-agent system can be expressed in the

following compact form:

ẋ = ȳ

˙̄y = −kxLx− kdỹ − ks(α1x+ νỹ)

˙̃
δ = −α1x− νỹ (29)

with state synchronization error vectors

ex = (In − 1v⊤ℓ )x, ey = (In − 1v⊤ℓ )ỹ

ed = (In − 1v⊤ℓ )δ̃ (30)

This closed-loop system ensures the converge to zero of the

dynamic consensus, i.e., (ex, ey, ed) → 0, with a Lyapunov

function defined as:

W =
1

2

[

e⊤x e⊤y
]

[

α1P νP

νP α2In

] [

ex
ey

]

+
1

2
e⊤d Ped

(31)

for a symmetric positive definite matrix P = P⊤ > 0

satisfying
√

α1α2

|P | > ν so that W > 0.

Proof: By computing the time derivative of ex, we obtain:

ėx = (In − 1Nv⊤ℓ )(y + d) = (In − 1Nv⊤ℓ )(y + d± ksδ̂)

= (In − 1Nv⊤ℓ )(y − ksδ̂ + ksδ̂ + d)

= (In − 1Nv⊤ℓ )(ỹ + δ̃)

= ey + ed. (32)

By making use of the controller (28) and (30), the time

derivative of ey yields:

ėy =(In − 1Nv⊤ℓ )(ẏ − ks
˙̂
δ)

=− (In − 1Nv⊤ℓ )
(

kxLx− kdỹ + ks(α1x+ νỹ) + ks
˙̂
δ
)

=− (In − 1Nv⊤ℓ )(kxLx+ kdỹ)

=− kx(In − 1Nv⊤ℓ )L(ex + 1Nv⊤ℓ x)− kdey

=− kxLex − kdey, (33)

where to get the last equality we used the facts L1N = 0 and

v⊤ℓ L = 0, and the definitions (30). The time derivative of W
along (33) and (32) is given by:

Ẇ =
[

e⊤x e⊤y
]

[

α1P νP

νP α2In

] [

ey + ed
−kxLex − kdey

]

+ e⊤d P ėd

=
[

e⊤x e⊤y
]

[

α1P (ey + ed)− νP (kxLex + kdey)
+νP (ey + ed)− α2(kxLex + kdey)

]

+ e⊤d P ėd

= e⊤x
(

α1P − νkdP − α2kxL
⊤
)

ey − e⊤y (α2kd − νP ) ey

−
1

2
νkxe

⊤
x (PL + L⊤P )ex + α1e

⊤
x Ped + νe⊤y Ped

+ e⊤d P ėd

= e⊤x
(

α1P − νkdP − α2kxL
⊤
)

ey − e⊤y (α2kd − νP ) ey

−
1

2
νkxe

⊤
x ex + e⊤d P (α1ex + νey + ėd) (34)

where to get the last equality we have invoked Lemma 2 with

Q = In. The term ėd is computed by making use of the

definition of the integral action (28) as follows:

ėd = (In − 1v⊤ℓ )
˙̃
δ := −(In − 1v⊤ℓ )(α1x+ νỹ)

= − α1ex − νey. (35)

By replacing ėd into Ẇ and setting ν = α1

kd

we can express Ẇ

into the compact form: Ẇ = − 1
2e

⊤
xyMexy, with an extended

error vector exy = col(ex, ey) ∈ R
2n and a symmetric matrix

defined as:

M =

[ α1

kd

kxIn α2kxL
⊤

α2kxL 2(α2kd −
α1

kd

P )

]

. (36)

By setting α1 = kd and computing the Schur complement of

M, we can show that M is positive semi-definite if the matrix

satisfies:

D = 2 (α2kd − P )− α2
2kxLL

⊤ ≥ 0

which can be easily ensured by defining the free control

parameter kd > 0 such that:

kd >
1

2
α2kxλ

2
L +

1

α2
λP .
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With these conditions, we can ensure that Ẇ ≤ −|M||exy|2.

Since W is positive definite and radially unbounded with

respect to ex, ey and ed, it follows that (ex, ey) ∈ L2 ∩ L∞

and ed ∈ L∞. This, in turn, implies that ėd ∈ L∞, thus, from

the Barbalat Lemma, we conclude that lim
t→∞

ed(t) = 0. This

completes the proof.

In the following Corollary 2, we prove the synchronization

of all agents to a periodic (oscillatory) state. Similar to

Corollary 1, we based our analysis on the weighted average

dynamics.

Corollary 2. Consider the mean-field coordinetes (26) and

the closed-loop dynamic (29). Then, each agent converge to

a periodic orbit governed by the following forced harmonic

oscillator:
[

˙̄xm(t)
˙̄δm(t)

]

:=

[

0 1
−α1 0

] [

x̄m(t)
δ̄m(t)

]

+

[

1
1

]

ȳm(t) (37)

where the forcing term ȳm(t) exponentially converges to zero,

as it satisfies:

ȳm(t) = ȳm(0) exp−kdt . (38)

Moreover,

lim
t→∞

|ȳi(t)− δ̄m(t)| = 0. (39)

is ensured by the closed-loop dynamic system.

Proof: The dynamic behavior of each agent is governed

by the weighted average dynamics. This results from comput-

ing the time derivative of (26):

˙̄xm = v⊤ℓ ȳ := v⊤ℓ ȳ ± v⊤ℓ ksδ̂ := ȳm + δ̄m

˙̄ym =− v⊤ℓ (kxLx+ kdỹ) := −kdȳm

˙̄δm =− v⊤ℓ (α1x+ νỹ) := −α1x̄m − νȳm. (40)

Here, we have that the solution of the second equation is (38),

which ensures that ym(t) converges exponentially to zero. In

turn, it implies that yi → ksδ̂i exponentially. On the other

hand, since ȳm(t) converges exponentially to zero, the first

and last equations of (40) can be approximated as (37) and

their solutions clearly are continuous periodic signals. Finally,

since yi → ksδ̂i exponentially and δ̃i(t) → δ̄m(t), we have

that

ksδ̂i(t) + di → δ̄m(t) ⇒ ksδ̂i(t) → δ̄m(t)− di (41)

when t → ∞. Then, we can conclude that yi converges to

the periodic signal δ̄m(t)−di or equivalently (39) holds. This

completes the proof.

Remark 1. All the results can be extended to the case

xi, yi, ui ∈ R
p with p > 1 using the Kronecker product.

Remark 2. In contrast with most robust controllers proposed

in the literature (e.g., [26], [27], [28]), in our case the dis-

turbance rejection for matched disturbances is ensured with a

simple continuous integral action.

Remark 3. The proposed integral action has the same struc-

ture as the used in [11] to reject disturbances in a multi-agent

system composed of nonholonomic robots. However, the Lya-

punov function in that work is very complex compared with

the formulated in this work. Moreover, the interconnection in

that work is described by undirected graph.

Remark 4. The presence of unmatched disturbances is very

common in power systems, e.g., the DC-DC Buck power

converter and the DC-AC converter, permanent magnet syn-

chronous motors and inductor motor are systems. The gen-

eration of a resonant behavior as a sinusoidal signal in the

voltages is a frequent task in these systems [52], [53].

Remark 5. In contrast with classical solutions to the problem

of multi-agents with unmatched disturbances, in this note

we do not use discontinuous observers or discontinuous con-

trollers.

IV. SIMULATIONS

To validate the proposed dynamic consensus controller,

in this section we carry out simulations using five agents.

According to Assumption 1 the direct graph is chosen as

Fig. 1, where its corresponding Laplacian matrix appears

on the right hand side of the figure. Moreover, to as-

sess the robustness of the controller we also consider in-

put disturbances subjected to step changes with a vanishing

function, thus the disturbances commute after 50 seconds

from d = col(0.1;−0.1; 0.2;−0.2; 0.1) + 1
12+t

to d =

col(0.2;−0.2;−0.1; 0.2;−0.3) + 1
12+t

exp(−0.2t). The con-

trol gains were chosen as γ1 = 6, γ2 = 17, γ3 = 4 and

b = 10.

Matched Disturbances

For this case, the control gains were chosen as γ1 = 6,

γ2 = 17, γ3 = 4 and b = 10.

In Figs. 3 and 4 we appreciate as all agents reach the

consensus even in the presence of the time varying dis-

turbances. Moreover, Fig. 5 shows as the integral action δ̂

converges to the value
d(t)
γ3

as is predicted by the theory. For

this, notice that at time t = 50 the term 1
12+t

= 0.0161
so that d(50) = col(0.029,−0.021, 0.054,−0.046, 0.029),
hence from the zoomed in of the left hand side of Fig 5

we see that δ̂(50) = d(50). On the other hand, after 50

sec, the disturbance commute to a different value where

appears the term exp(−0.2t). In this case we have that at

time t = 100 that signal is equal to zero hence δ̂(100) →
col(0.05,−0.05,−0.025, 0.05,−0.075) as is appreciated in

the zoomed in of the right hand side of Fig. 5. Finally to

corroborate the above discussion, in Fig. 6 the converge to

zero of δ̃ is presented.

x1x2

x3x5
x4

L

0 0 0 0 0

−1 1 0 0 0

0 1 0 0

0 0 −1 1 0

0 0 −1 0 1

−1

Fig. 1: A spanning-tree graph and its corresponding Laplacian
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Fig. 6: Transient behavior of the error estimators δ̃i with i :
1 : 5

Unmatched Disturbances

To carry out the simulations we used the same time vary-

ing disturbances as the matched case, but the disturbances

commute after 20 seconds. The control gains were chosen as

α1 = kd = 7.5, ν = 3, ks = 5 and kx = 3.4.

Fig. 7 shows the convergence to zero of the synchronization

errors. According to Corollary 2, in Fig. 8 the periodic syn-

chronization of all agents x1i (called output signal)is ensured,

as well as for δ̃i, see Fig. 10 and convergence to zero of x̃2i

in Fig. 9. Moreover, in contrast with all works addressing the

consensus of unmatched disturbances, we notice in Fig. 11 the

periodic synchronization of x̄2i . It is important to stress that

the behavior of the agents does not suffer any important change

under the presence of the commutation of the disturbances.

This bears out the robustness of our controller.
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Fig. 7: Transient behavior of e⋆i
with i : 1 : 5

V. CONCLUSIONS

In this work, we have presented two simple continuous con-

trollers to ensure consensus and synchronization of perturbed

double integrator systems interconnected under a directed

graph containing a spanning tree. When matched disturbances

are considered, the proposed method resembles a Proportional-

Integral- Derivative (PID) controller, whose new integral ac-

tion enables the rejection of disturbances. On the other hand,

for the synchronization problem, an integral action handles

the unmatched disturbances without the use of high-gain and
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discontinuous techniques. The stability of problems is formally

proved with strict Lyapunov analysis.
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[28] H. Wang, W. Yu, W. Ren, J. Lú, Distributed adaptive finite-time con-
sensus for second-order multiafnt systems with mismatched disturbances
under directed networks, Transactions on Cybernetics, vol. 51, no. 3, pp.
1347-1358, 2021.

[29] E. Panteley, A. Loria and S. Sukumar, Strict Lyapunov functions for con-
sensus under directed connected graphs, European Control Conference,
pp.935-940, 2020.

[30] Z. Li, Z. Duan and G. Chen, Dynamic consensus of lienar multi-agent
systems, IET Control Theory and Applications, vol. 5, no. 1, pp. 19-28,
2011.

[31] R. Olfati-Saber and R. M . Murray, Consensus in networks of agents with
switching topology and time delays, IEEE Trans. Automatic Control, vol.
49, no. 9, pp. 1520-1533, 2004.

[32] D. Ferreira, S. Silva, W. Silva, D. Brandao, G. Bergna and E. Tedeschi,
Overview of Consensus Protocol and Its Application to Microgrid
Control, Energies, vol. 15, pp. 1-35, 2022.

[33] W. Ren and R. W. Beard, Consensus seeking in multiagent systems under
dynamically changing interaction topologies, IEEE Trans. Automatic

Control, vol. 50, pp. 655-661.

[34] J. G. Romero, A. Donaire and R. Ortega, Robust energy shaping control
of mechanical systems, Systems & Control Letters, vol. 62, pp. 770-780,
2013.

[35] X. Tian, H. Liu and H. Liu, Robust finite-time consensus control for
multi-agent systems with disturbances and unknown velocities, ISA

Transactions, vol. 80, pp. 73-80, 2018

[36] L. Zhao, J. Yu, C. Lin and H. Yu, Distributed adaptive fixed-time
consensus tracking for second-order multi-agent systems using modified
terminal sliding mode, Applied Mathematics and Computation, vol. 312,
pp. 23-35, 2017.

[37] J. Sun, Z. Geng, Y. Lvv, Z. Li and Z. Ding, Distributed Adaptive
Consensus Disturbance Rejection for Multi-Agent Systems on Directed
Graphs, Transactions on Control of Netwporks Systems, vol. 5, no. 1,
2018, pp. 629-639.

[38] P. Yu, K.Z. Liu, X. Liu, X. Li, M. Wu and J. She, Robust consensus
tracking control of uncertain multi-agent systems with local disturbance
rejection. Journal of Automatica Sinica, vol. 10, no. 2, pp. 427-438,
2023.

[39] C. Edwards and S. Spurgeon, Sliding Mode Control: Theory and

Applications, CRC Press, New York, 1998.

[40] W. H. Chen, Nonlinear disturbance observer-enhanced dynamic inver-
sion control of missiles. Journal of Guidance Control, and Dynamics,
vol. 26, no.1, pp. 161-166, 2003.

[41] J. Sun, J. Yang, S. Li and W. X. Zheng, Sampled-data-based-event-
triggered active disturbance rejection control for disturbed systems in
networked environment, Transactions on Cybernetics, vol. 49, no. 2,
pp. 556-566, 2019.

[42] C. Battle, E. Fossas and G. Olivar, Stabilization of periodic orbits in
variable structure systems: Application to DC-DC power converters.
International Journal of Bifurcation and Chaos, vol. 16, no. 12B, pp.
2635-2643, 1996.

[43] L. Gu, Z. Zhao, J. Sun and Z. Wang, Finite-time- leader follower
consensus control of multiagent systems with mismatched disturbances.
Asian Journal of Control, vol. 24, no. 2, pp/ 722-731, 2022.

[44] C. B. Zheng, Z. H. Pang, J. X. Wang, S. Gao, J. Sun a,d G. P . Liu,
Time-varying formation prescribed performance control with collision
avoidance for multi-agent systems subject to mismatched disturbances.
Information Sciences, vol. 633, pp. 517-530, 2023.

[45] W. Xiao, H. Ren, Q. Zhou, H. Li and R. Lu, Distributed finite-time
containment control for nonlinear multi agent systems with mismatched
disturbances. Transactions on cybernetics, vol. 52, no. 7, pp. 6939-6948,
2022.

[46] E. Panteley and A. Loria, Synchronization and dynamic consensus of
heterogeneous networked systems, IEEE Trans. Automatic Control, vol.
62, no. 8, pp.3758-3773, 2017.

[47] M. Dutta, E. Panteley, A. Loria and S. Sukumar, Strict Lyapunov
functions for dynamic consensus in linear systems interconnected over
directed graphs. IEEE Control Systems Letters, vol. 6, pp. 2323-2328,
2022.

[48] M. Dutta, E. Panteley, S. Sukumar and A. Loria, Dynamic consensus and
adaptive bias compensation for multi agent linear systems over directed
networks. https://hal.science/hal-03869863, 2023.

[49] M. Dutta, E. Panteley, S. Sukumar and A. Loria, MRAC-based dynamic
consensus of linear systems with biased measurements, over directed
networks. https://hal.science/hal-03869892, 2023.

[50] L. Scardovi and R. Sepulchre, Synchronization in networks of identical
linear systems. IEEE Conference on Decision and Control, pp. 546-551,
2008.

[51] R. Ortega, B. Yi, J. G. Romero and A. Astolfi, Orbital stabilization of
nonlinear systems via the immersion and invariance technique. Int. J.

on Robust and Nonlinear Control, vol. 30, no. 5, pp. 1850-1871, 2020.
[52] T. Saito, Y. Ishikawa and Y. Ishige, Multi-phase synchronization and

parallel power-converters: In: V. Longhini, P. Palacios, A. (eds), Appli-

cations of Nonlinear Dynamics, Springer-Verlag Berlin, pp. 133-144,
2009.

[53] F. Angulo, G. Olivar, A. Taborda, Continuation of periodic orbits in a
ZAD-strategy controlled buck converter. Chaos Solutions and Fractals,
vol. 38, pp. 348-363, 2008.

Jose Guadalupe Romero (Member, IEEE) obtained
the Ph.D. degree in Control Theory from the Univer-
sity of Paris-Sud XI, France in 2013. Currently, he
is a full time Professor at ITAM in Mexico and since
2023 he is the Chair of the Department of Electrical
and Electronic Engineering. He has over 45 papers
in peer-reviewed international journals where he has
also served as a reviewer. His research interests are
focused on nonlinear and adaptive control, stabil-
ity analysis and the state estimation problem, with
application to mechanical systems, aerial vehicles,

mobile robots and multi-agent systems. He currently serves as an Editor
of the INTERNATIONAL JOURNAL OF ADAPTIVE CONTROL AND SIGNAL

PROCESSING.

David Navarro-Alarcon (Senior Member, IEEE)
received the Ph.D. degree in mechanical and au-
tomation engineering from The Chinese University
of Hong Kong, in 2014. Since 2017, he has been
with The Hong Kong Polytechnic University, where
he is currently an Associate Professor with the
Department of Mechanical Engineering, and the
Principal Investigator of the Robotics and Machine
Intelligence Laboratory. His current research inter-
ests include perceptual robotics and control systems.
He currently serves as an Associate Editor of the

IEEE TRANSACTIONS ON ROBOTICS (T-RO) and Guest Associate Editor of
the JOURNAL OF FIELD ROBOTICS.


	Introduction
	Problem Formulation
	Main Result
	Simulations
	Conclusions
	References
	Biographies
	Jose Guadalupe Romero
	David Navarro-Alarcon


