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A Globally Convergent Adaptive Velocity
Observer for Nonholonomic Mobile Robots

Affected by Unknown Disturbances
Jose Guadalupe Romero1 David Navarro-Alarcón2 Emmanuel Nuño3 Haoyi Que4

Abstract— In this paper, we present a novel adaptive
observer for nonholonomic differential-drive robots to si-
multaneously estimate the system’s angular and linear ve-
locities, along with its external matched disturbances. The
proposed method is based on the immersion and invariance
technique and makes use of a dynamic scaling factor.
The stability and convergence proof of the velocity and
disturbance errors are performed using a strict Lyapunov
function. We present a detailed simulation study to validate
the performance of our approach.

Index Terms— Nonholonomic Robots; Velocity Ob-
servers; Adaptive Control; Disturbance Rejection.

I. INTRODUCTION

WHEELED mobile robots are popular in many practical
applications due to their control simplicity, lightness,

flexibility, and capability to carry heavy loads. Yet, their non-
holonomic constraints and nonlinear characteristics pose many
complications to the development of stabilizing controllers,
since (due to Brocket’s theorem) nonholonomic systems can-
not be stabilized using a smooth static feedback scheme [1].

Besides the mobility problems imposed by the nonholomic
constraints, the design of feedback controllers for real ap-
plications is also challenging since a controller may typi-
cally require access to the system’s position and velocity
measurements, which are often unavailable/unreliable. On-
board inertial, encoders and vision sensors can be used to
estimate the robot’s position, however, velocity measurements
are typically hard to obtain. The use of motion capture systems
[2] and vision localization systems [3], among others, allows
to numerically estimate velocity. However, this kind of signals
are noisy and might contain errors, and, formally (as a result
of unmodelled dynamics) these signals cannot be included in
a rigorous stability analysis. The unified design of velocity
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observers with feedback control represents a feasible solution
to these issues.

In [4], a global exponentially convergent velocity observer is
presented for general mechanical systems with nonholonomic
constrains. The result is based on the well-known immer-
sion and invariance (I&I) technique, which is a constructive
methodology to design adaptive controllers and state observers
for dynamical systems [5]. This breakthrough is possible due
to a dynamic scaling that counteracts the undesired effects
of nonlinear residual dynamics in the error equations—see
also [6], [7]. Recently in [8], also using dynamic scaling to
compensate for gyroscopic forces, an exponentially convergent
velocity observer has been proposed. This result makes use of
a special coordinate transformation that enables to convert a
constrained system into an integral cascade Euler-Lagrange
form; This eliminates the influence of the constraint force
when the velocity is estimated.

Even though velocity estimation represents an key problem
in nonholonomic robots, the most challenging issue is to take
into account the presence of unknown parameters and distur-
bances in the design of an observer. Inspired by the methods
in [4], [9], [10], an adaptive velocity observer that considers
unknown external disturbances and friction parameters was
proposed in [11]. The design of adaptive speed observers com-
bined with a controller has been studied in several papers. For
example, two high-gain observers with integrated control are
proposed in [12] to estimate unknown parameters/velocities
and ensure trajectory tracking. The method in [13] combines
an adaptive velocity observer with backstepping control to
ensure the asymptotic stability of estimation and tracking
errors; This method compensates gyroscopic forces by using
a coordinate transformation that guarantees the existence of
the parameters’ estimation. Although this design ensures the
convergence of tracking errors, it is important to remark that it
is based on the critical assumption that velocities are bounded,
which cannot be verified in a rigorous stability analysis.
Considering unknown input disturbances, [14] proposes a
finite-time controller without velocity measurements, yet, the
method relies on discontinuous velocity observers.

As a feasible solution to these problems, in this work,
we propose a novel globally convergent adaptive velocity
observer for nonholonomic robots subject to unknown in-
put disturbances. The design does not rely on the use of
high gains or discontinuous techniques, nor it assumes the
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boundedness of velocity signals. An interesting feature of our
proposal is that the adaptive observer can exactly estimate
the input disturbance. In contrast with existing methods, our
new methodology simplifies the implementation of adaptive
velocity observers, as only continuous control signals are
needed. The stability analysis is rigorously established using
Lyapunov theory. Furthermore, in comparison with [4], our
work has the following two key features: a) The nonholonomic
dynamic model [4] does not consider the presence of external
disturbances. Hence, its observer fails to estimate the velocities
when disturbance is present; and b) The convergence proof in
[4] has been carried out using a dynamic scaling factor in both,
linear and angular velocities, which contrasts with our result,
where only requires the linear part. Moreover, our stability
analysis ensures also the estimation of the disturbances, which
is conspicuous by its absence in [4], where its consideration
would require additional definitions in the dynamics of the
observer.

The rest of the paper is organized as follows: Section II
presents the dynamic model of the nonholonomic robot; Sec-
tion III contains our main result; and, finally, the simulations
and conclusions are shown in Sections IV and V, respectively.

II. MATHEMATICAL MODEL

In this work we consider a differential wheeled mobile robot
moving on the horizontal plane, for which we assume that
the geometrical center and the center of mass are located at
the same point z = col(x, y) ∈ R2 and θ ∈ R defining its
orientation. The schematics of this robot is depicted in Fig.
1. Under the common non-slip (pure rolling) assumption, the
robot dynamics takes the form

ż =

[
cos(θ)
sin(θ)

]
v, θ̇ = ω,[

v̇
ω̇

]
=M−1B(τ + d),

(1)

where v and ω are the linear and the angular velocities; M :=
diag(m, I) ∈ R2 is the inertia matrix with I being the moment
of inertia and m being the mass; B is the input matrix given
by

B =
1

r

[
1 1
2R −2R

]
(2)

with R being the distance between z and the wheels which
have radius r; the control signal of the wheels is τ ∈ R2 and
d ∈ R2 is a constant unknown disturbance [15], [16].

Making simple calculations we have that model (1) can
be written in a cascaded form, of the linear and the angular
dynamics, as follows

Σω

{
θ̇ = ω
ω̇ = u2 + δ2

(3)

Σv

{
ż = h(θ)v
v̇ = u1 + δ1,

(4)

where h(θ) = col (cos(θ), sin(θ)) ∈ R2; u1 and u2 are the
control-input signals, given by

u1 =
1

mr
(τ1 + τ2), u2 =

2R

Ir
(τ1 − τ2),

2R 2r

θ

Yr

Xr
x

y
z

Fig. 1. Schematics of a differential wheeled mobile robot

and the unknown constant disturbances δ1 and δ1, are

δ1 :=
1

mr
(d1 + d2), δ2 :=

2R

Ir
(d1 − d2), (5)

respectively.

III. MAIN RESULT

The objective of this work is to design an adaptive observer
that is able to globally estimate the linear and the angular
velocities together with the external disturbances. For, the
following assumption is employed.

Assumption 1. The orientation and the position of the robot
are available for measurement, i.e., θ and z are known. ◁

Our solution follows the Immersion and Invariance (I&I)
methodology proposed in [5]–see also [4], [17]. First, we
define the estimation errors as

v̄ =v̂ − v, ω̄ = ω̂ − ω, θ̄ = θ̂ − θ

δ̄1 =δ̂1 − δ1, δ̄2 = δ̂2 − δ2, (6)

where ω̂, v̂, θ̂, δ̂1 and δ̂2 are the estimations of the linear
and the angular velocities, of the orientation and of the
disturbances, respectively. In the I&I technique, the adaptive
observer consists of two parts, an integral and a proportional.
Therefore, the estimations are similarly defined as

v̂ = vI + vP (θ̂, z), ω̂ = ωI + ωP (θ̂)

δ̂1 = δ1I + δ1P (z, θ̂), δ̂2 = δ2I + δ2P (θ).
(7)

Under Assumption 1 above, the main objective in the
observer design is to find the dynamics of the integral terms
vI , ωI , δ1I , δ2I ; and to set the proportional parts vP , ωP ,
δ1P , δ2P ; such that the estimation errors (6) exponentially
converge to zero for all initial conditions.

At this point, we are ready to present our main result.
Proposition 1: Consider the subsystems Σω and Σv given

by (3) and by (4), respectively. Define the integral dynamics
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of (7) and the θ̂-dynamics as1

v̇I = −a3h
⊥(θ̂)z

˙̂
θ − a3h

⊤(θ̂)h(θ)v̂ + u1 + δ̂1, (8)

ω̇I = −a1ω̂ + u2 + δ̂2, (9)

δ̇1I = −a4h
⊥(θ̂)z

˙̂
θ − a4h

⊤(θ̂)h(θ)v̂, (10)
δ̇2I = −a2ω̂, (11)
˙̂
θ = ω̂ − ka(rv)θ̄, (12)

where rv is obtained from a dynamic scaling that is defined
latter. Additionally, set the proportional terms to

ωP = a1θ, vP = a3z
⊤h(θ̂), (13)

δ1P = a4z
⊤h(θ̂), δ2P = a2θ. (14)

The gains ai, for i = 1 : 4, and k1 are free to choose. Then,
provided that ka(rv) > 0 is sufficiently large, for all initial
conditions (z(0), θ(0), v(0), ω(0)) ∈ R2 × R × R × R, we
ensure that

lim
t→∞

(
v̄(t), ω̄(t), δ̄1(t), δ̄2(t), θ̄(t))

)
= 0. (15)

◁
Proof: We start by analyzing the adaptive observer for

the subsystem Σω . The dynamic behavior of ω̄ is given by

˙̄ω = ω̇I + a1(ω̂ − ω̄)− u2 − (δ̂2 − δ̄2).

Choosing ω̇I as in (9), yields

˙̄ω = −a1ω̄ + δ̄2. (16)

Besides, the dynamic behavior of δ̄2 corresponds to

˙̄δ2 = δ̇2I + a2 (ω̂ − ω̄) . (17)

Hence, selecting δ̇2I as (11), the error dynamics takes the form

˙̄δ2 = −a2ω̄. (18)

We can notice that the error dynamics (16) and (18) can be
rewritten as [

˙̄ω
˙̄δ2

]
=

[
−a1 1
−a2 0

] [
ω̄
δ̄2

]
. (19)

Consider the Lyapunov function

H̄ω =
1

2
X⊤

[
γ1 γ2
γ2 γ1

]
X , (20)

with X = col(ω̄, δ̄2) and γ1 > γ2 > 0. Evaluating ˙̄Hω along
the solutions (19), yields,

˙̄Hω = −X⊤
[

σ1 σ2

σ2 γ2

]
X (21)

with

σ1 = a1γ1 − a2γ2, (22)

σ2 =
1

2

[
γ1(a2 − 1)− a1γ2

]
. (23)

1h(θ̂) = col
(
cos(θ̂), sin(θ̂)

)
and h⊥(θ̂) =

[
− sin(θ̂), cos(θ̂)

]
, being

h⊥(·) a full-rank left annihilator of h(·), which verifies h⊥(·)h(·) = 0.

Now, to impose σ2 = 0, we set

γ2 = γ1
(a2 − 1)

a1
. (24)

Since we need to verify γ1 > γ2, the elements a1 and a2 are
chosen such that a1 > a2 − 1. Thus, (21) takes the form

˙̄Hω = −σ1ω̄
2 − γ2δ̄

2
2 . (25)

Finally, (25) is negative definitive if σ1 > 0. Then, using
definition of σ1 we have the following implication

a1γ1 >a2γ2 ⇒ γ1 > γ2
a2
a1

. (26)

Invoking (24) and also imposing 0 < a2

a1
≤ 1, we prove that

σ1 > 0. Thus, from (20) and (25) we establish that ω̄, δ̄2
∈ L2∩L∞ and that (ω̄, δ̄2) = (0, 0) is globally asymptotically
stable.

We now study the adaptive observer for the subsystem Σv .
Taking the time derivative of v̄, we obtain

˙̄v =v̇I + a3(z
⊤∇h(θ̂)

˙̂
θ + h⊤(θ̂)ż)− v̇

=v̇I + a3h
⊥(θ̂)z

˙̂
θ + a3h

⊤(θ̂)h(θ)[v̂ − v̄]

− u1 − (δ̂1 − δ̄1). (27)

Choosing v̇I as in (8), we get

˙̄v = −a3h
⊤(θ̂)h(θ)v̄ + δ̄1, (28)

which can be written as

˙̄v = −a3v̄ − a3∆v(θ̂, θ)v̄ + δ̄1,

∆v(θ̂, θ) := [h⊤(θ̂)− h⊤(θ)]h(θ), (29)

where we have used the fact that h⊤(θ)h(θ) = 1 and

h⊤(θ̂)h(θ) =[h⊤(θ̂)± h⊤(θ)]h(θ)

:=1 +∆v(θ̂, θ). (30)

It is important to note that ∆v = 0, if θ̄ = 0, and that

||∆v(θ̂, θ)|| ≤ 2θ̄. (31)

As a consequence, ∆v plays the role of a (vanishing)
disturbance that will be dominated though a dynamic scaling
factor and a proper choice of the θ̂ dynamics.

Using the definition of δ̂1, the time derivative of δ̄1 is

˙̄δ1 =δ̇1I + a4

(
z⊤∇h(θ̂)

˙̂
θ + h⊤(θ̂)ż

)
:=δ̇1I + a4h

⊤(θ̂)h(θ)(v̂ − v̄) + a4h
⊥(θ̂)z

˙̂
θ. (32)

Selecting δ̇1I as in (10) and using (30), we obtain

˙̄δ1 = −a4v̄ − a4∆v(θ̂, θ)v̄. (33)

Defining ζ = col(v̄, δ̄1), the dynamics (29) and (33) are
rewritten as

ζ̇ = Avζ +∆vMvζ (34)

with

Av =

[
−a3 1
−a4 0

]
, Mv =

[
−a3 0
−a4 0

]
. (35)
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Since Av is a Hurwitz matrix, then there exists a transfor-
mation for Av such that R := EAvE

−1 = diag(λ1, λ2),
where E ∈ R2×2 is a full rank matrix and λi ∈ R− are
the eigenvalues of Av for i = 1 : 2, which are given by

λ1 = −a3
2

+

√
a23 − 4a4

2
, λ2 = −a3

2
−

√
a23 − 4a4

2
.

Let us define the following dynamically scaling

zv =
1

rv
Eζ, (36)

with rv being a scaling dynamic factor, with dynamics defined
as

ṙv := −k1
4
r̄v +

rv
2k1

||∆vM||2, rv(0) > 1, (37)

where r̄v(t) = rv(t)− 1 and M = EME−1. Notice that the
set {rv ∈ R|rv ≥ 0}. is invariant for the dynamics (37).

The dynamics of zv , defined in (36) yields

żv =
1

rv
Eζ̇ − ṙv

r2v
Eζ

=Rzv +∆vMzv −
ṙv
rv

zv. (38)

In addition, the θ̄ dynamics corresponds to

˙̄θ =
˙̂
θ − (ω̂ − ω̄) := −kaθ̄ + ω̄, (39)

where we have chosen ˙̂
θ as in (12).

Consider now the Lyapunov function

Hz = H̄w +
1

2

(
|zv|2 + θ̄2 + r̄2v

)
. (40)

Taking its time derivative along the dynamics (19), (38) and
(39), we get

Ḣz =− σ1ω̄
2 − γ2δ̄

2
2 + z⊤v

(
R+∆v(θ, θ̂)M− ṙv

rv

)
zv

− kaθ̄
2 + θ̄ω̄ + ˙̄rv r̄v

≤ −σ1ω̄
2 − γ2δ̄

2
2 −

(
k1
2

− 1

2k1
||∆vM||2 + ṙv

rv

)
|zv|2

− kaθ̄
2 +

1

2
θ̄2 +

1

2
ω̄2 + ṙv r̄v, (41)

where k1 = −max(λ1, λ2), || · || is the matrix induced 2-norm
and we have applied Young’s inequality (with the factor k1)
to get the second bound. Using (37) and making use of (31),
we get

Ḣz ≤−
(
σ1 −

1

2

)
ω̄2 − γ2δ̄

2
2 − k1

(
1

2
− r̄v

4rv

)
|zv|2

−
(
ka −

1

2
− 2

r̄vrv
k1

||M||2
)
θ̄2 − k1

4
r̄2v,

≤− kxω̄
2 − γ2δ̄

2
2 −

k1
4
|zv|2 − ky θ̄

2 − k1
4
r̄2v (42)

where the last inequality has been obtained using the fact that
0 < r̄v

rv
≤ 1 and selected a1, a2, such that σ1 = kx + 1

2 and
we have defined ka(rv) as

ka(rv) = ky +
1

2
+

2

k1
r̄vrv||M||2. (43)

Thus, from (40) and (42) we ensure that ω̄, δ̄2, zv, θ̄, r̄v ∈ L2∩
L∞. This last ensures that Ḧz is uniformly bounded and thus,
invoking Barbalat’s Lemma, we conclude that Ḣz converges
to zero as t → ∞. The proof is finished with the fact that Ḣz

only vanishes when ω̄, δ̄2, zv, θ̄ and r̄v are all equal to zero.

The following remarks are in order.
I) Although, the stability conclusion is asymptotical, we un-

derscore that the the unique solution of the error dynamics
(19) is X (t) = eDtX (0), which ensures exponential
convergence to zero of X (t).

II) The subsystem Σω is equivalent to the dynamics of
a (general) rotating machine model with δ2 being the
load torque. In [18] an adaptive observer for such a
system is proposed. In contrast with such result, our
adaptive velocity observer has a simpler form. However,
the insightful idea of diagonalizing a Hurwitz matrix to
define dynamic scaling (see eq. (17) of [18]) is used in
our stability analysis for the subsystem Σv .

IV. SIMULATIONS

In this section we present simulations of the proposed adap-
tive observer under two scenarios: an open-loop estimation
and a closed-loop oberver-controller scheme. The simulation
parameters are m = 5.64 kg, I = 3.115 kg·m2, r = 0.09 m
and R = 0.157 m.

A. Open loop estimation
To evaluate the robustness of the adaptive velocity observer,

we consider that the input disturbance d1 and d2 are subject
to step changes, as shown in Fig. 2–which imply that they
are time varying. We carried out the simulation using as input
signal

τ = B−1M

[
−kxh

⊤(θ)z
−kcθ

]
with kx = 0.6 and kc = 6. The adaptive observer gains are
chosen as a1 = 3 and a2 = 2, verifying the conditions (24)
and (26), a3 = 5, a4 = 3, so that k1 = −4.3028,

E =

[
−1.4548 0.3381
0.8542 −1.2252

]
and ky = 3.5. The initial conditions were selected as θ(0) =
0.5, ω(0) = 0, z(0) = col(0.5, 0), v(0) = 0, ωI(0) = 0.5,
vI = 0.5, δ1I(0) = 1.5, δ2I(0) = −0.5, θ̂(0) = 0.5, rv(0) =
3.5. Since the proposed estimator is globally convergent, the
choice of these initial conditions were arbitrary.

Clearly, from Figs. 3–4, the transient behavior of the es-
timator errors corroborative the proposed theory. Moreover,
since we use time varying disturbances, the adaptive observer
presents an overshot every time the disturbance changes, but
the estimation is preserved, which shows its robustness. Be-
sides, from (5) we notice that the real value of the disturbances
d1 and d2 can be estimated using δ̂1 and δ̂2 as follows
col(d̂1, d̂2) = B−1Mcol(δ̂1, δ̂2). Thus, in Fig. 5 we also
appreciate the estimation of the time varying disturbances
proposed in Fig. 2.
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Fig. 2. Transient behavior of d1(t) and d2(t)
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Fig. 3. Transient behavior of v̄ and ω̄

B. Closed loop controller

Our second series of simulations pertains to the implemen-
tation of an adaptive velocity observer based controller of the
form

u1 = −pvh(θ)
⊤z̃−dv v̂ − δ̂1,

u2 = −pω θ̃ − dωω̂ − δ̂2 +KIf(t)h(θ)
⊥z̃, (44)

where

z̃(t) = z(t)− zd θ̃(t) = θ(t)− θd.

with zd ∈ R2 and θd as the desired position and orientation,
respectively and; control gains pv , dv , pω , dω and KI .

This controller ensures asymptotic convergence to a desired
point of both position and angular coordinates. The control law
has a simple PD structure plus the estimator of the disturbances
and a time varying term f(t) which verifies the Brockett’s
condition. To the best knowledge of the authors, this adaptive
velocity observer based controller has not been reported in the
literature and all details of the stability proof will be reported
later.

In order to carry out the simulations we consider as input
disturbances d = col(0.07, −0.0193)Nm, then (5) takes the
form col(δ1, δ2)= 0.1I2. In Figs. 6 and 7 we appreciate the
convergence to zero of the coordinate errors, where the initial
conditions are z(0) = (0.1, 0.2)m and θ(0) = 0.5rad and
the desired point zd = (4, 3)m and θd = −π

6 . Figs. 8
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Fig. 4. Transient behavior of δ̄1 and δ̄2
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Fig. 5. Transient behavior of d1(t) vs d̂1(t) and d2(t) vs d̂2(t)

and 9 show the transient behavior of the velocity estimator
and disturbances errors, respectively–as the open-loop case–
the estimation is also ensured. Finally, since the convergence
to zero of the coordinates errors hold, the input control
compensate the constant disturbance, this effect is appreciate
in Fig. 10, where we notice that τ converges to -d.

0 5 10 15 20
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Time [sec]

z̃
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0 5 10 15 20
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0

5

z̃
1

Fig. 6. Transient behavior of the position errors z̃

V. CONCLUSIONS

We have presented a procedure to design a globally con-
vergent adaptive velocity observer for nonholonomic mobile
robots with unknown input disturbances. The rigorous stability
analysis is established using Lyapunov theory. The adaptive
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Fig. 8. Transient behavior of v̄ and ω̄ using the controller (44)
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Fig. 9. Transient behavior of δ̄1 and δ̄2 using the controller (44)
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Fig. 10. Transient behavior of the input controller τ

observer is tested by simulations which show its satisfactory
performance. Even though the observer has been designed
considering constant input disturbances, the simulations show
its robustness under time varying disturbances. In addition,
making use of the proposed adaptive velocity observer, we
simulate an output feedback controller to stabilise the robot at
a desired point and, as expected, the convergence to zero of
position error and of velocity and disturbance estimation errors
is ensured. As future work we will present the stability analysis
of the observer in closed-loop with the controller mentioned
in the simulations.
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