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Fourier-Based Multi-Agent Formation Control to
Track Evolving Closed Boundaries
Bin Zhang, Hui Zhi, Jose Guadalupe Romero, Anqing Duan, Xiang Li, and David Navarro-Alarcon

Abstract— The automatic monitoring and tracking of
environmental boundaries is an important problem with
various practical applications. In this paper, we represent
an environmental boundary as a closed parametric curve
and propose a control method for multi-agent systems to
track the boundary’s shape. For that, we reparameterize the
curve with a truncated Fourier series as a function of the
curve’s length to facilitate the uniform distribution of agents
along it. Then, we use the Fourier coefficients to design
a new type of formation controller that drives the agents
to form and track the desired curve. A detailed stability
analysis is provided for the proposed control methodology
considering both fixed and switching multi-agent topologies. Simulation results demonstrate the validity of our new
method.
Index Terms— Multi-agent systems, formation control,
robotics, Fourier series, switching topology.

I. I NTRODUCTION

T

HE control of multi-agent systems (MAS) has drawn
researchers’ attention due to the robustness and efficiency
they have in performing tasks over a single agent [1]. The
research on MAS dates back to the last century [2]. Since
then, numerous works have been conducted to study the
development of efficient control methods, e.g., consensus,
formation control, optimization, task allocation, etc. [3]. In this
paper, we focus on the design of formation controls for multiagent systems. Oh et al. [4] categorized (based on the agents’
sensing capabilities and interaction topologies) the formation
control problem into the following three approaches: positionbased, displacement-based, and distance-based formation control. Among the three, position-based formation control is
the most widely used and applied in different applications;
the desired formation in position-based formation control is
usually calculated using some absolute position vectors [4].
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(ITAM), Mexico City, Mexico. (email: jose.romerovelazquez@itam.mx)
Xiang Li is with Tsinghua University, Department of Automaton,
Beijing, China. (email: xiangli@tsinghua.edu.cn)

In this paper, we show how this basic idea of position-based
formation is extended to represents the target locations for the
agents based on Fourier coefficients computed from parametric
contours [5].
Formation control problems can be used to represent a
variety of real-world applications performed by, e.g., spacecraft [6], unmanned aerial vehicles (UAVs) [7], autonomous
grounded vehicles (AGVs) [8], and autonomous underwater
vehicles (AUVs) [9]. Among these platforms, one particular
application is the monitoring of environmental boundaries
using multiple robotic systems. Boundaries are ubiquitous in
real environments, and monitoring its evolution is particularly
critical in many cases, such as monitoring the spread of oil or
chemical pollution due to spills [10], detecting the temperature
boundary to protect communities during wild fires [11]. These
environmental boundaries usually are big in scale, thus, it is
difficult to monitor them by single autonomous robot. The use
of multi-agent/robot systems can largely improve the efficiency
in monitoring evolving boundaries, since collaborative robots
have the potential to more effectively cover the boundary of
interest than a single robot. Our goal in this paper is precisely
to design a control method for MAS to perform these types
of curve-based formations.
A. Related Work
Formation control is one of the most popular control problems in MAS (see [4] for a comprehensive review), where
many researchers have proposed different control approaches,
e.g., Ren and Atkins [12] proposed a position-based formation
control law for vehicles with second-order dynamics and tested
it with both fixed and switching interaction topologies. Zhang
et al. [13] studied a hierarchical position-based formation
control method for aerial vehicles. Wang et al. [14] developed
a displacement-based formation control method for AUVs
with optical sensors. Marina [15] studied maneuvering and
robustness issues in undirected displacement-based control.
The works [16]–[18] studied the problems of distance-based
formation control under various conditions. As mentioned
above, position-based formation control requires absolute positions to represent the desired target for each agent; however,
it is usually not flexible and convenient to represent a boundary
with a finite set of discrete positions; the most natural representation for boundaries is a parametric curve. Most works
on formation control require the agents to form geometric
shapes, such as points along circles, rectangles, and triangles,
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and distribute them according to their relative inter-agent
distances/displacements. In our boundary formation problem,
the agents must align along a desired parametric curve and
distribute according to the curve’s arc-length; this approach
contrast with the traditional formation control.
Various works in the literature have addressed the monitoring of environmental boundaries. Some early examples are,
e.g., the works of Kalantar and Zimmer [19]–[21], where
they developed contour formation methods for homogeneous
AUVs to track plumes. However, the proposed methods required gradient measurements, which are usually difficult to
obtain. Bertozzi et al. [22] adopted the idea of active contour
models from the image processing and proposed a motion
planning method for homogeneous robots to detect environmental boundaries. Li et al. [23] employed the advectiondiffusion equation to model the dynamic plumes and proposed
a cooperative control algorithm for robots to monitor the
plumes. Recently, Saldaña et al. [24] reported a method to use
multiple robots to estimate environmental boundaries, where
they represented the boundaries as time-varying closed curves.
Note that most existing methods in the literature mainly focus
on detecting and estimating the boundaries; These previous
controllers are usually basic and do not use characteristics of
the boundaries in their design. Furthermore, these previous
boundary methods have not considered the situation in which
robots interact with switching topologies. The aim of this
paper is to fill this gap in the literature.

D. Organization

B. Our Contribution
In this paper, we proposed a new control method to track environmental boundaries (which are represented as closed parametric curves) with homogeneous MAS that autonomously
position along it while keeping a desired arc-length separation. The evolving closed curve is represented with truncated
Fourier series; The formation controller is formulated in terms
of the computed Fourier coefficients. The main contributions
of our work are listed as follows:
1) A new formation representation for MAS based on the
reparameterization of the boundary curve with finite
Fourier series.
2) A new formation controller based on Fourier coefficients
to drive the agents towards the desired curve under fixed
and switching topologies.
3) A rigorous stability analysis and numerical simulation to
investigate the properties and assess the performance of
the proposed control method.

A simple and intuitive way to drive agents to distribute
uniformly on the curve is to parameterize the curve by the
curve length [26]. In Sec. II-A, we define the curve c(t) with
the parameter s. However, s is a general parameter, which
means it is not necessarily to be a length parameter. Therefore,
we need to reparameterize the curve c with its length. In the
following, we denote the reparameterized curve as c̃.
Before presenting the details of the reparameterization, we
define the length parameter, denoted as s̃, which satisfies

C. Notation
We adopt standard notation in this paper. Unless specially
denoted, matrices and vectors are denoted as bold capital and
lowercase letters, respectively, such as M and m. We use
[M]ij to denote the entry of a matrix M at the i-th row and
j-th column, and [m]i to denote the i-th element of a vector
m. R denotes the real space. M ∈ Rm×n and m ∈ Rn denote
a m × n matrix and a n × 1 vector, respectively. In denotes
the n × n identity matrix and 0m×n is the m × n matrix of
zeros. We use λmin (M) to denote the minimum eigenvalue
of a matrix M. Scalars are denoted as plain letters.

The remaining of this paper is organized as follows. Section
II presents the representation and reparameterization of curves.
Section III presents the design and stability analysis of the proposed formation controller. Section IV presents the simulation
results and analysis. Section V concludes this paper.
II. C URVE R EPRESENTATION
A. The Original Curve
In this paper, we study the formation control driving agents
to form an evolving closed planar curve. Therefore, the first
step is to obtain a reference curve. In actual missions, curves
could be predefined or obtained from the environment through
images, videos, etc. Without loss of generality, we assume
that these curves can be depicted as some time-dependent
parameter equations [25]:
c(t) = f (s, t),

s ∈ [0, 1],

(1)

and time t. Since the curve is closed, it satisfies f (0, t) =
f (1, t). The positions of the points on the curve c are defined
by the coordinates [cx,s , cy,s ]T , where
(
cx,s = fx (s, t),
(2)
cy,s = fy (s, t).
B. Curve Reparameterization

l(s̃, t) = lec (t)s̃

(3)

for a curve c̃(t) = f (s̃, t) parameterized by s̃. In (3), l(s̃, t)
denotes the length of the curve section with length parameter
from 0 to s̃, and lec (t) denotes the length of the entire curve.
Through (3), we can know that s̃ ∈ [0, 1] and lec (t) = l(1, t).
The first step of reparameterization is to replace the general
parameter s by the length parameter s̃ . Since the curve c̃ is
depicted by a parameter equation, we can compute its length
at time instant t by the following curve integral [27].
s
2 
2
Z s 
∂cy,s
∂cx,s
+
ds,
(4)
l(s, t) =
∂s
∂s
0
where l(s, t) denotes the length of the curve with the parameter
range of 0 to s. The curve length is 0 for s = 0 (i.e., l(0, t) =
0), and equal to the entire length of c when s = 1.
Now, we uniformly discretize the parameter interval s ∈
[0, 1] with a constant step ds, then we get a sequence of
parameters for s of the form,
ssq = [s0 , . . . , sk , . . . , sN −1 ]T ,

(5)
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where N = 1/ds + 1 is the number of discrete points, k =
0, . . . , N − 1, and sk = k · ds. Obviously, we have s0 = 0 and
sN −1 = 1.
Substituting the parameters sk in ssq to (2) and (4), respectively, we obtain the positions of the curve points, grouped in
a sequence denoted by csq ∈ R2N ×1 ,
T

csq = [cx,s0 , cy,s0 , . . . , cx,sk , cy,sk , . . . , cx,sN −1 , cy,sN −1 ] ,
(6)
and the curve section lengths, grouped in a sequence denoted
as lsq ∈ RN ×1 :
T

lsq = [l(s0 , t), . . . , l(sk , t), . . . , l(sN −1 , t)] .

(7)

We have l(s0 , t) = 0 and l(sN −1 , t) = l(1, t) in (7) since
s0 = 0 and sN −1 = 1.
Normalizing (7) with the length of the entire curve l(1, t),
we obtain the sequence of length parameters, denoted as
s̃sq = [s̃0 , . . . , s̃k , . . . , s̃N −1 ]T ,

(8)

where s̃k = l(sk , t)/l(1, t). Note that the new parameter
sequence s̃sq is time-varying, but the length parameter s̃
always satisfies s̃ ∈ [0, 1]. Since s̃k satisfy (3), we can obtain
that l(s̃k , t) = l(sk , t). On the other hand, we only apply a
parameter replacement to the curve points in (6) with (8), we
have c̃x,s̃k = cx,sk and c̃y,s̃k = cy,sk . In case of confusion on the
notations, we denote the sequences of the positions of curve
points and lengths of curve sections as
c̃sq = [c̃x,s̃0 , c̃y,s̃0 , . . . , c̃x,s̃k , c̃y,s̃k , . . . , c̃x,s̃N −1 , c̃y,s̃N −1 ]T
(9)
and
l̃sq = [l(s̃0 , t), . . . , l(s̃k , t), . . . , l(s̃N −1 , t)]T ,
(10)
respectively. As previously derived, we have c̃sq = csq and
l̃sq = lsq .
The second step of reparameterization is to represent the
original curve with new parameter equations using the length
parameter s̃.
In this paper, we represent the reparameterized curve c̃ at
time instant t as the following truncated Fourier series.

H
X




c̃x,s̃ =
[ah cos 2πhs̃ + bh sin 2πhs̃] + e,


h=1
(11)
H

X


c̃y,s̃ =
[ch cos 2πhs̃ + dh sin 2πhs̃] + f,


h=1

where H is the number of harmonics, ah , bh , ch , dh , e,
and f are the Fourier coefficients, and [c̃x,s̃ , c̃y,s̃ ]T denote the
coordinates of the points on the reparameterized curve.
For convenience in further processing, we rewrite (11) as a
linear regression equation (LRE) of the form
c̃ = [c̃x,s̃ , c̃y,s̃ ]T = G(s̃)ξ,

(12)

where ξ = [ω1 , . . . , ωh , . . . , ωH , e, f ]T ∈ R(4H+2)×1 denotes
the vector of unknown parameters with ωh = [ah , bh , ch , dh ]T
the Fourier coefficients. G(s̃) = [g1 , . . . , gh , . . . , gH , I2×2 ] ∈
R2×(4H+2) contains the harmonics, where


ρ
01×2
gh =
,
(13)
01×2
ρ
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and ρ = [cos 2πhs̃, sin 2πhs̃].
Substituting (8) into G(s̃), we obtain a sequence of harmonics
Gsq =G(s̃)|s̃=s̃sq
Gsq =[G(s̃0 )T , . . . , G(s̃k )T , . . . , G(s̃N −1 )T ]T .

(14)

Combining the positions of the curve points c̃sq given by (9)
and the harmonics (14), we estimate the Fourier coefficients
ξ by:
ξˆ = −(GT Gsq )−1 GT c̃sq ,
(15)
sq

sq

By this way, we obtain the final reparameterized curve as
follows:
ˆ
c̃ = G(s̃)ξ.
(16)
III. F OURIER -B ASED F ORMATION C ONTROL
A. Graph Theory
The topology of the interactions among agents is usually
depicted by a graph, where agents are the nodes of the graph
and interactions are the edges of the graph. The graph is
usually denoted as a pair G = (V, E, aij ), where aij are the
weights of the interactions with the subscript ij indicating the
i-th and j-th agents, V = {1, 2, . . . , n} is the set of node
indexes, n is the amount of agents, and E = {(i, j) ∈ V × V :
aij ̸= 0} denotes the set of edges. Given a graph, it is called
an undirected graph if aij = aji , otherwise, it is a directed
graph [4].
For a specific agent i in the multi-agent system, we denote
its neighbors by Ni = {j ∈ V : aij ̸= 0}. The sum P
of set Ni is
defined as the degree of agent i, denoted by di = j∈Ni aij .
The interconnection of agents is established by the Laplacian
matrix L ∈ Rn×n , where

di
i=j
[L]ij =
,
(17)
−aij i ̸= j
aij > 0 if j ∈ Ni and aij = 0 otherwise [28].
B. Controller Design
In this paper, we assume the agents conduct planar motions
and have single-integrator dynamics, i.e., for agent i, its
dynamics is depicted by:
ẋi = ui ,

(18)

2×1

where xi ∈ R
is the position of agent i and ui ∈ R2×1
is the control input of agent i. Grouping the dynamics of
all agents, we obtain the cluster dynamics of the multi-agent
system:
ẋ = u,
(19)
T T
2n×1
T T
, and u = [uT
where x = [xT
1 , . . . , xn ] ∈ R
1 , . . . , un ] ∈
2n×1
R
.
To ensure that agents have equal curve lengths between
neighboring agents, we uniformly discretize the length parameter according to the number of agents, that is, the discretization step is ds̃ = 1/n. Then, we obtain a sequence of length
parameters corresponding to the agents:

s̃c = [s̃c,1 , . . . , s̃c,i , . . . , s̃c,n ]T ,

(20)
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where the index i corresponds to the agent i, and s̃c,i = i/n.
Substituting the sequence s̃c into G(s̃), we obtain the sequence
of harmonics corresponding to the agents:
Gc =G(s̃)|s̃=s̃c
Gc =[G(s̃c,1 )T , . . . , G(s̃c,i )T , . . . , G(s̃c,n )T ]T .

(21)

Since the interaction topology of the agents is represented by
a graph G with the Laplacian L, and combining Eq.(19), (20),
and (21), we design the following Fourier-based formation
controller to drive the agents to form the reference curve:
X
ˆ (22)
[G(s̃c,i ) − G(s̃c,j )] ξe − xi + G(s̃c,i )ξ,
ui = −k
j∈Ni

where k > 0 is a tunable gain, and ξe is the coefficient error
defined by
ˆ
ξe = G+
(23)
c x − ξ,
where G+
c denotes the pseudoinverse of Gc . On the right side
of (22), the first term drives the agents to form the shape of
the curve, and the remaining terms compensate the relative
distance between the locations of the actual curve and the
reference curve.
C. Stability Analysis
For the convenience of computation, we group the formation
controller of single agent as following:
ˆ
u = −k L̃Gc ξe − x + Gc ξ,

(24)

where L̃ = L ⊗ I2×2 , ⊗ denotes the Kronecker product. Note
that Gc ξˆ actually gives the target positions of the agents.
Therefore, we can define the position errors of agents as
ˆ
xe = x − Gc ξ.

(25)

Substitute the controller (24) into the cluster dynamics in
(19), then we obtain the complete dynamics:
ẋ = −k L̃Gc ξe − xe .

(26)

The stability analysis of the proposed controller is based on
the following assumptions.
Assumption 1: The graph G depicting the interaction
topology of the multi-agent system is strongly connected and
undirected.
Assumption 2: The rank of the sequence of harmonics Gc ∈ R2n×(4H+2) always satisfies rank(Gc ) =
min{2n, 4H + 2}.
Assumption 3: The reparameterized curve is updated on a
constant sampling period basis using the processes mentioned
in Sec. II-B as the original curve evolves. The coefficients of
the reparameterized curve remain constant during the sampling
period.
With the first assumption, we can obtain that the Laplacian
of the graph G is symmetric positive semidefinite, i.e. the
eigenvalues of L are all nonnegative. Since L̃ is the Kronecker
product of L and I2×2 , we can obtain the eigenvalues of L̃ as
{λi µ1 , λi µ2 }, where λi , i = 1, . . . , n denote the eigenvalues
of L and µ1 = µ2 = 1 denote the eigenvalues of the identity

matrix I2×2 . Obviously, the eigenvalues of L̃ are nonnegative,
which means L̃ is positive semidefinite.
With the second assumption, we know that when the number
of agents n ≥ 2H + 1, Gc is full column rank and its
T
−1 T
pseudoinverse is calculated by G+
Gc ; when
c = (Gc Gc )
the number of agents n < 2H + 1, Gc is full row rank and
T
T −1
its pseudoinverse is calculated by G+
[29].
c = Gc (Gc Gc )
Based on the third assumption, we separate the stability
analysis into two parts. We first prove the stability of the
proposed controller with a time-invariant curve and then
extend the proof to the evolving curve.
Proposition 1: For a multi-agent system with n singleintegrator agents and a strongly connected graph G depicting
the interaction topology, the controller (24) drives the agents
to a time-invariant curve depicted in the form of (16), i.e.,
ξe → 0 and xe → 0 as t → ∞, when the number of agents
satisfies n ≥ 2H + 1 and the control gain satisfies
(
− 2/Λ, Λ < 0,
k>
(27)
0,
Λ ≥ 0,
where



+
Λ = λmin L̃Gc G+
(28)
c + Gc Gc L̃ .
Proof: The proof contains two steps. First, we prove that
ξe (t) → 0 as t → ∞. For that, we define a new variable as
x̃e = Gc ξe . Since the curve is time-invariant and Gc G+
c Gc =
Gc , we can obtain
x̃˙ e = Gc ξ˙e = Gc G+
c ẋ
+
= −kGc G+
c L̃Gc Gc Gc ξe − Gc ξe ,

(29)

= −F1 x̃e
+
where F1 = kGc G+
c L̃Gc Gc + I2n .
Since L̃ is symmetric and positive semidefinite, we can
derive that Gc G+
c L̃Gc Gc is also positive semidefinite. Since
k > 0 and I2n is the identity matrix, F1 is positive definite, i.e.
all eigenvalues of F1 are positive. Given the initial condition
x̃e (0) = Gc ξe (0), and solving (29), we can obtain

x̃e (t) = e−F1 t x̃e (0).

(30)

Therefore, as t → ∞, x̃e → 0 exponentially. Note that
n ≥ 2H + 1, i.e., Gc is column full rank, the linear equation
x̃e = Gc ξe = 0 has a unique solution ξe = 0 when x̃e = 0.
Therefore, as t → ∞, ξe (t) → 0 exponentially.
Now, we consider the xe for the second step of the proof.
Compute the derivative of xe , then we have
ẋe = ẋ = −k L̃Gc ξe − xe
= −k L̃Gc G+
c xe − xe

(31)

= −F2 xe ,
where F2 = k L̃Gc G+
c + I2n , which is nonsymmetric.
Now, let us consider the following symmetric matrix


+
+
F2 + FT
=
k
L̃G
G
+
G
G
L̃
+ 2I2n
(32)
c
c
2
c
c
to examine the positive definiteness of F2 . It is easy to see that
both items on the right side of (32) are symmetric matrices.
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According to the Theorem 4.3.1 in [30], we can know that the
eigenvalues of F2 + FT
2 satisfies the bound that
λmin (F2 + FT
2 ) ≥ kΛ + 2λmin (I2n )
= kΛ + 2.

(33)

We can easily derive λmin (F2 + FT
2 ) > 0 when k satisfies
(27), thus all the eigenvalues of (F2 + FT
2 )/2 are positive,
ensuring that F2 is positive definite. Therefore, solve Eq.(31)
with initial condition xe (0), then we can obtain
xe (t) = e−F2 t xe (0).

where F̃ = −k L̃ + I. It is easy to see that F̃ is also
positive definite. Therefore, given the initial condition x̃e (0) =
Gc ξe (0), and solving (35), we can obtain
(36)

Therefore, x̃e → 0 exponentially as t → ∞, that is, x̃ → Gc ξˆ
exponentially. However, note that Gc is only guaranteed to be
row full rank, the linear equation x̃e = Gc ξe = 0 will have
multiple solutions when x̃e = 0. Therefore, the convergence
of the coefficient errors ξe is not guaranteed.
Now we consider xe for the second step of the proof. Since
Gc G+
c = I2n , we have
x̃e = Gc G+
c xe = xe .

(37)

Then, we can derive
xe (t) = e−F̃t xe (0)

Next, we show that the tracking errors of the positions are
bounded on the basis of Propositions 1 and 2. We have shown
the processes of reparameterizing the original curve by the
curve length at a specific time instant in Sec. II-B. Now, we
employ the Assumption 3 in the analysis of the tracking errors.
Proposition 3: The controller (24) drives the agents that
interact through a fixed topology to form an evolving curve
with bounded position tracking errors under the assumption
3).
Proof: Detailed proof refers to Appendix I.

(34)

We can derive that the position errors of the agents xe → 0
exponentially as t → ∞.
Now, we see that the coefficients of the actual curve formed
by the agents converge to the reparameterized coefficients
ˆ and the positions of the agents converge to the desired
ξ,
positions on the reparameterized curve exponentially under the
effects of the controller (24).
Proposition 2: For a multi-agent system with n singleintegrator agents and a strongly connected graph G depicting
the interaction topology, the controller (24) exponentially
drives the agents to the desired positions on the time-invariant
curve in the form of (16), i.e., xe → 0 as t → ∞, when the
number of agents satisfies n < 2H + 1.
Proof: The proof is quite similar to that of the Proposition
1 only with slight differences. In the first step of the proof of
T −1
T
Proposition 2, Gc is row full rank and G+
c = Gc (Gc Gc )
+
since n < 2H + 1. Therefore, Gc Gc = I2n and then (29)
becomes to
x̃˙ e = −F̃x̃e ,
(35)

x̃e (t) = e−F̃t x̃e (0).
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(38)

from (36). Therefore, we can obtain xe → 0 exponentially
as t → 0. This proves that the agents converge to the desired
positions on the reparameterized curve exponentially under the
effects of the controller (24).
Remark 1: Note that Propositions 1 and 2 are based on the
truth that the desired Fourier coefficients are time-invariant.
However, the coefficients are time-varying for an evolving
curve. Therefore, further analysis should be employed with
evolving curve.

D. Switching Topology
In real world, the communications between agents are usually limited by distances, which means agents can not keep the
communication link when they are far away from each other.
Meanwhile, disturbances, such as unexpected hardware errors
and poor signal intensity, could also cause communication
failures. In those cases, the agents will be interacting with each
other under a switching topology rather than a fixed topology.
In this section, we will show that the controller (24) is also
capable of handling the switching topology case.
The analysis of this section depends on the extension of
Assumptions 1 and 2 in Sec. III-C. When communication
failures occur, agents could be divided into several groups
where agents can interact with each other within the group.
We employ the following assumption.
Assumption 4: All the interaction topologies within the
groups can be depicted by strongly connected and undirected
graphs.
We denote the set of all possible graphs as
G̃ = {G = (V, E, aij )}

(39)

Apparently, G̃ is finite because the number of agents is finite.
Proposition 4: For a multi-agent system with n singleintegrator agents interacting by switching topologies, the conclusions in Propositions 1 and 2 still hold.
Proof: With the switch topology, L̃ in the controller is
not necessarily the Kronecker product of the Laplacian and
the identity matrix I2 . However, we can always utilize the
elementary transformations to transform L̃ into the following
form:


L1 ⊗ I2 · · ·
0
0
 ..
..
.. 
..

.
.
.
L̃t =  .
(40)
,
 0
· · · Lα ⊗ I2 0
0
···
0
I
where L1 , . . . , Lα are the Laplacians of the interaction graphs
of the groups, α is the number of groups that contain more
than one agent. The identity block of L̃t represents agents that
interact with none of other agents.
With the aforementioned assumptions, we know that
L1 , . . . , Lα are symmetric and positive semidefinite. Therefore, L̃t is symmetric and positive semidefinite. Then, we can
prove Proposition 4 following the proofs of Propositions 1 and
2.
Proposition 5: The controller (24) drives the agents that
interact through a switching topology to form an evolving
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Fig. 1. Evolution of the original curve.

curve with bounded position tracking errors under Assumption
3.
Proof: According to the proof of Proposition 4, we can
find a symmetric and positive semidefinite L̃ for each topology
in (39). Accordingly, we can obtain a positive definite F under
each topology. Denote the set of F as F̃ = {F}, then we define
λ̃min = min{λmin (F), F ∈ F̃}.

(41)

Replace the λmin in the proof of Proposition 3 with (41) and
follow the proof processes of Proposition 3, then we can prove
Proposition 5.
IV. R ESULTS
In this section, we perform simulations with predefined
evolving curves to verify the validity of the proposed method.
A. Simulation Setup
1) The Original Curve: We select a curve that evolves in
terms of both its shape and the location of its center for the
simulation. We denote the original curve as c1 = f1 (s, t) and
represent it by the following time-varying parameter equations:
(
cx,s,1 = 0.01[4t + (t sin 4πs + 800) cos 2πs],
(42)
cy,s,1 = 0.01[4t + (t cos 4πs + 800) sin 2πs].

The curve starts with a circular shape and gradually evolves
into a parallelogram-like shape as time going. The evolution
of the original curve is shown in Fig. 1. With (42), we can
compute the partial derivative of c1 with respect to s as:

∂cx,s,1


= 0.01[−2π(t sin 4πs + 800) sin 2πs


∂s



+ 4πt cos 4πs cos 2πs],
(43)
∂c

y,s,1


=
0.01[2π(t
cos
4πs
+
800)
cos
2πs



 ∂s
− 4πt sin 4πs sin 2πs].
2) Curve Reparameterization: Substitute (43) into (4), then

we obtain the curve length of c1 :
s
2 
2
Z s 
∂cx,s,1
∂cy,s,1
l1 (s, t) =
+
ds.
∂s
∂s
0

(44)

Note that the analytical computation of (44) usually is difficult.
Therefore, in this study, we numerically compute the curve
lengths by approximating (44) to:
ˆl1 (s, t) =

P
X
p=1

∥f1 (sp , t) − f1 (sp−1 , t)∥,

(45)

Fig. 2. Fixed topologies: (a) Interaction topology for n ≥ 2H + 1; (b)
Interaction topology for n < 2H + 1.

where P calculated by s/∆s + 1 is the number of sampling
points, ∆s is the parameter step of the numerical calculation,
p is the index of the p-th sampling point, and sp is calculated
by (p − 1)∆s.
We set ∆s to 0.001, and the number of harmonics H to 6
for the reparameterization of the original curve.
3) Formation Control Simulations: We perform two types of
simulation. In the first type of simulation, agents interact with
each other through a fixed topology. The interaction topology
is established following the rules that the agent i connects to
the agent i − 2, i − 1, i + 1, and i + 2, and the weights of all
interactions are set to aij = 1. Therefore, the Laplacian of the
multi-agent system is L =∈ Rn×n , where:


 − 1, j ∈ Ni ;
j = i;
[L]ij = 4,
(46)


0,
otherwise.
In the second type of simulation, agents interact with each
other through a switching topology. The interaction topology
switches among three modes: (1) each of the agents interacts
with their neighbors; (2) a part of the agents interact with each
other; (3) none of the agents interact with each other.
We set the simulation duration to 200 s, the sampling period
to 0.1s, and the tunable gain of the controller to k = 2
for all simulations. We assume that the agents depart from
a straight line at the beginning of each simulation and their
initial positions are given by
(
xi = 13,
(47)
yi = −8.4 + 0.4i.
B. Fixed Topology
1) n ≥ 2H+1: We set the number of agents to n = 15 to
ensure n ≥ 2H +1 in this simulation. The interaction topology
of the multi-agent system is shown in Fig. 2(a).
The simulation results and the evolution of errors are shown
in Fig. 3 and Fig. 4. As shown in Fig. 3, the reparameterized
curve obtained by (15) fits the original curve well during the
simulation; The agents successfully form the desired curve
shape and track the evolving curve under the effects of the
proposed formation controller. We record the absolute coefficient errors |ξe | in Fig. 4(a) and the absolute position errors
|xe | in Fig. 4(c). As is shown, the errors rapidly converge at
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Fig. 3. Simulation results of 15 agents with fixed topology: (a) t = 0 s;
(b) t = 70 s; (c) t = 140 s; (d) t = 200 s.

Fig. 5. Simulation results of 8 agents with fixed topology: (a) t = 0 s;
(b) t = 70 s; (c) t = 140 s; (d) t = 200 s.

Fig. 4. Evolution of errors during the simulation of 15 agents with
fixed topology. (b) and (d) present the beginning stages of (a) and (c),
respectively.

Fig. 6.
Evolution of errors during the simulation of 8 agents with
fixed topology. (b) and (d) present the beginning stages of (a) and (c),
respectively.

the beginning stage and remain bounded at the stable stage.
The results in both figures follow Propositions 1 and 3, which
prove the validity of the proposed controller.
2) n < 2H+1: We set the number of agents to n = 8 to
ensure n < 2H +1 in this simulation. The interaction topology
of the multi-agent system is shown in Fig. 2(b).
The simulation results and the evolution of errors are shown
in Fig. 5 and Fig. 6. As shown in Fig. 5, the curve formed
by the agents gradually diverge from the desired curve as the
simulation runs but the agents are still able to remain on the
desired curve, which follows Proposition 2. This phenomenon
can also be seen in Fig. 6. The absolute coefficient errors
shown in Fig. 6(a) converge at the beginning stage but turn to
divergence as the simulation runs; the absolute position errors
shown in Fig. 6(c) converge at the beginning stage and remain
bounded as the simulation runs, which follows Proposition 3.

Fig. 7(b) during 70 s to 140 s, and finally turn to the topology
shown in Fig. 7(c) after 140 s.
The simulation results and the evolution of errors are shown
in Fig. 8 and Fig. 9. As shown in Fig. 3, the agents presents
similar performance compared with the simulation in Sec. IVB.1. As for the evolution of errors, we can see from Fig.
9 that both the absolute coefficient errors and the absolute
position errors rapidly converge at the beginning stage and
remain bounded at the stable stage despite sudden changes at
the alternative instant of topologies. The results in both figures
follow Propositions 4 and 5, which prove the validity of the
proposed controller in dealing with switching topologies.

C. Switching Topology
We set the number of agents to n = 15. The interaction
topologies of the multi-agent system are shown in Fig. 7. As
mentioned in Sec. IV-A.3, the interaction topology switches
among three modes during the simulation. The agents interact
with each other through the same topology as the simulation
in Sec. IV-B.1 until 70 s, then turn to the topology shown in

D. Discussion
We employ (15) to reparameterize the original curve by
its curve length in Sec. II-B and uniformly discretize the
length parameter to ensure the equal curve length between
neighboring agents in Sec. III-B. In the previous simulations,
we can see that the reparameterization works well. The differences between the original curve and the reparameterized
curve are small. The curve lengths between neighboring agents
are roughly equal.
To quantitatively evaluate the performance of the reparameterization, we compute the normalized root mean square
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Fig. 7. Switching topologies: (a) the topology for 0 s ≤ t ≤ 70 s; (b)
the topology for 70 s < t ≤ 140 s; (c) the topology for 140 s < t ≤
200 s.

Fig. 9. Evolution of errors during the simulation of 15 agents with
switching topology. (b) and (d) present the initial stages of (a) and (c),
respectively.

Fig. 10. Evolution of NRMSE.

Fig. 8. Simulation results of 15 agents with switching topology: (a)
t = 0 s; (b) t = 70 s; (c) t = 140 s; (d) t = 200 s.

error (NRMSE) of the lengths of curve sections during the
simulation of 15 agents with fixed topology. The computation
of NRMSE is defined by
s
Pn
¯2
i=1 (li − l)
σ=
,
(48)
n¯l2
where σ denotes the NRMSE, li denotes the length of the
curve section between the agent i and i + 1; ¯l denotes the
average length of the entire curve defined by lec /n.
We record the evolution of NRMSE of reparameterizations
using 6, 12, and 18 harmonics, respectively. The results are
shown in Fig. 10(a). We can see that all cases produce
a NRMSE no greater than 2%, and the NRMSE sees a
significant decrease as the the number of harmonics increase.
Although the results in Fig. 10(a) show that using 6 harmonics
in the previous simulations is acceptable, we notice that there
are apparent increases of NRMSE as the simulation goes.
One possible reason is that the original curve becomes more
complex as the simulation runs so that more harmonics are
needed to fit the original curve. This phenomenon is more
evident when it comes to a more complicated curve. We study
the following curve from [31] for comparison.
(
cx,s,2 = 0.01[4t + (t sin 4πs + 2t cos 10πs + 800) cos 2πs]
cy,s,2 = 0.01[2t + (t sin 4πs + 2t cos 10πs + 800) sin 2πs]
(49)

The shape of the curve is a circle at the beginning and
then gradually changes to a star. The evolution of NRMSE of
reparameterizations using 6, 12, and 18 harmonics is shown
in Fig. 10(b). We can see that the NRMSEs for all trials
have increased substantially compared to those of the previous
curve. We also conduct a formation control simulation of
15 agents with the topology in Fig. 2(a) to track (49). The
result is shown in Fig. 11. We can see that there are apparent
divergences (see the red markers in Fig. 11) between the
reparameterized curve and the orginal curve.
The analysis on the performance of the reparameterization
shows that the method employed in this study is feasible
to handle curves with relatively “simple” shapes. However,
improvement should be made to enhance the capability of the
reparameterization algorithm to handle curves with “complicated” shapes. In future work, we will continue to focus on
solving this problem.
V. C ONCLUSION
In this paper, we study the problem of tracking evolving
parametric curves with multiple homogeneous agents. We
reparameterize the original curve as a Fourier series with curve
length parameters, which ensures the uniform inter-agent curve
lengths. Then, a Fourier-based formation controller is designed
to drive the agents to form and track the desired curves. We
present a detailed stability analysis of the proposed formation
controller and conduct simulations under fixed and switching
topologies. Simualtion results show that the proposed controller can drive the agents to form and track the desired curve
when n ≥ 2H + 1 under both fixed and switching topologies,
and converge to the desired positions when n < 2H + 1.
The examination of the reparameterization algorithm shows
that the current method produces acceptable results for curves
with relatively “simple” shapes.
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where xae1 denotes the actual error at the end of the first period,
and ∆ξˆq denotes ξˆq − ξˆq+1
It is obvious that xae1 is equal to the initial error of the
second period, i.e., xe2 (0) = xae1 . Similarly, we can derive
the actual error at the end of the second period:
∥xae2 ∥ ≤ e−λmin ∆t ∥xe2 (0)∥ + ∥Gc ∆ξˆ2 ∥
≤ e−2λmin ∆t ∥xe (0)∥ + e−λmin ∆t ∥Gc ∆ξˆ1 ∥
+ ∥Gc ∆ξˆ2 ∥.

(53)

Accordingly, we can derive the actual error at the end of
the q-th period:
∥xaeq ∥ ≤ e−qλmin ∆t ∥xe (0)∥ + E,

(54)

where
Fig. 11. Simulation results of 15 agents with fixed topology tracking
curve (49): (a) t = 0 s; (b) t = 70 s; (c) t = 140 s; (d) t = 200 s.

However, the proposed method has various limitations. On
the one hand, the reparameterization algorithm needs further
improvement to handle curves with “complicated” shapes. On
the other hand, we have only studied agents with singleintegrator dynamics in this paper. The problems of formation
control of agents with more complex dynamics, such as
double-integrator, non-holonomic constraints [32], to tracking
evolving curves still need to be solved. Besides, we need to
examine the proposed method with real-world experiments. In
the future, we will focus on solving these problems to extend
the proposed method in this paper.
A PPENDIX I
P ROOF OF P ROPOSITION 3

(50)

where F ∈ {F2 , F̃}, and λmin = λmin (F). Therefore, at the
end of the first sampling period, we have
∥xe1 (∆t)∥ ≤ e−λmin ∆t ∥xe (0)∥.

(51)

Note that xe1 (∆t) is obtained based on the truth that we
regard ξˆ1 as constant during the sampling period. Therefore,
there is a difference between xe1 (∆t) and the actual error.
Since the end of the first period is the beginning of the second
period, we know that the actual Fourier coefficients at the end
ˆ then we
of the first period are ξˆ2 . Note that xe = x − Gc ξ,
obtain the actual errors at the end of the first period:
∥xae1 ∥ = ∥x − Gc ξˆ2 ∥
= ∥x − Gc ξˆ1 + Gc ξˆ1 − Gc ξˆ2 ∥
≤ ∥x − Gc ξˆ1 ∥ + ∥Gc (ξˆ1 − ξˆ2 )∥
≤ e−λmin ∆t ∥xe (0)∥ + ∥Gc ∆ξˆ1 ∥.

ˆ max + · · · + ∥Gc ∆ξ∥
ˆ max (55)
≤ e−(q−1)λmin ∆t ∥Gc ∆ξ∥
1 − e−qλmin ∆t
ˆ max ,
∥Gc ∆ξ∥
1 − e−λmin ∆t
ˆ max denotes the maximum of the following
where ∥Gc ∆ξ∥
sequence.
{∥Gc ∆ξˆ1 ∥, . . . , ∥Gc ∆ξˆq ∥}.
(56)
=

We can see that, as q
e−qλmin ∆t ∥xe (0)∥ → 0 and

→

∞ (i.e., t

(52)

→

∞),

1

ˆ max .
∥Gc ∆ξ∥
(57)
1−
Therefore, we can derive that there always exists a positive
constant M such that
E→

e−λmin ∆t

∥xaeq ∥ = ∥x − Gc ξˆq+1 ∥ ≤ M

Proof: We denote the sampling period as ∆t and the
Fourier coefficients of the q-th sampling period as ξˆq . Let us
consider the first sampling period. At the beginning of the
period, we have xe1 (0) = xe (0). According to (34) and (38),
we can obtain
∥xe1 (t)∥ = e−F t ∥xe (0)∥ ≤ e−λmin t ∥xe (0)∥,

E = e−(q−1)λmin ∆t ∥Gc ∆ξˆ1 ∥
+ e−(q−2)λmin ∆t ∥Gc ∆ξˆ2 ∥ + · · · + ∥Gc ∆ξˆq ∥

(58)

holds as t → ∞, that is, the position errors xe are always
bounded as t → ∞.
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